We describe a methodology for quantitatively characterizing the fractured nature of a hydrocarbon or geothermal reservoir from surface seismic data under a Bayesian inference framework. The method combines different kinds of measurements of fracture properties to find a bestfitting model while providing estimates of the uncertainty of model parameters. Fractures provide pathways for fluid flow in a reservoir, and hence, knowledge about a reservoir's fractured nature can be used to enhance production from the reservoir. The fracture properties of interest in this study (to be inferred) are fracture orientation and excess compliance, where each of these properties are assumed to vary spatially over a 2-D horizontal grid which is assumed to represent the top of a reservoir. The Bayesian framework in which the inference problem is cast has the key benefits of (1) utilization of a prior model that allows geological information to be incorporated, (2) providing a straightforward means of incorporating all measurements (across the 2-D spatial grid) into the estimates at each gridpoint, (3) allowing different types of measurements to be combined under a single inference procedure and (4) providing a measure of uncertainty in the estimates. The observed data are taken from a 2-D array of surface seismic receivers responding to an array of surface sources. Well understood features from the seismic traces are extracted and treated as the observed data, namely the P-wave reflection amplitude variation with acquisition azimuth and offset (amplitude versus azimuth data) and fracture transfer function (FTF) data. Amplitude versus azimuth data are known to be more sensitive to fracture properties when the fracture spacing is significantly smaller than the seismic wavelength, whereas FTF data are more sensitive to fracture properties when the fracture spacing is on the order of the seismic wavelength. Combining these two measurements has the benefit of allowing inferences to be made about fracture properties over a larger range of fracture spacing than otherwise attainable. Geophysical forward models for the measurements are used to arrive at likelihood models for the data. The prior distribution for the fracture variables is obtained by defining a Markov random field over the lateral 2-D grid where we wish to obtain fracture properties, where this method for defining the prior has the added benefit of allowing for non-stationarity in the resulting model covariance. The fracture variables are then inferred by application of loopy belief propagation to yield approximations for the posterior marginal distributions of the fracture properties, as well as the maximum a posteriori and Bayes least-squares (posterior mean) estimates of these properties. Verification of the inference procedure is performed using a synthetic data set, where the estimates obtained are shown to be at or near ground truth for the full range of fracture spacings for fracture orientation and at low fracture spacings for excess compliance estimates.
fractures can cause the medium to exhibit anisotropy (Schoenberg & Sayers 1995) . The anisotropy has been exploited to give different techniques for determining fracture properties from seismic data, such as reflection amplitude versus offset and azimuth analysis (Sayers & Rickett 1997; Rüger 1998; Lynn et al. 2009; Sayers 2009 ) and shear wave birefringence (Gaiser & Van Dok 2001) . These methods, however, are only valid when the fracture spacing is small in comparison to the seismic wavelength, so that seismic waves average over the fractures (Willis et al. 2006; Fang et al. 2014) . This equivalent anisotropic medium assumption, however, breaks down when the spacing between the fractures increases to being on the order of the seismic wavelength. For the case of larger fracture spacings, Willis et al. (2006) proposed a technique, referred to as the scattering index method, to estimate the azimuthal orientation (or strike) of a fracture system based on the scattered seismic energy. Fang et al. (2014) described a series of modifications to this technique to give a more robust methodology for determining fracture orientation, which is referred to as the fracture transfer function (FTF) method.
In the way of statistical inference methods applied to geophysical problems, Eidsvik et al. (2004) gave a Bayesian framework for determining rock facies and saturating fluid by integrating a forward rock physics model with spatial statistics of rock properties. Specifically in the area of fracture characterization, Ali & Jakobsen (2011) used a Bayesian inference framework to infer fracture orientation and density from seismic velocity and attenuation anisotropy data. Sil & Srinivasan (2009) applied a similar Bayesian inference methodology to determine fracture strikes from seismic and well data. All of the aforementioned statistical studies solved the inference problem via Markov chain Monte Carlo (MCMC), a sampling technique which stochastically searches the model space. Furthermore, the data models used in all of these studies follow from the assumption that a medium with closely spaced fractures is an equivalent anisotropic medium.
The aim of our study is to utilize a Bayesian framework to combine different data which, on their own, are informative about certain regimes of fracture spacing, to be able to estimate different fracture properties (particularly, excess fracture compliance and fracture orientation) at a wider range of fracture spacings than otherwise attainable if one data type is used. The Bayesian framework in which the problem is cast furthermore makes it straightforward to encode prior knowledge about either geological features of the reservoir, such as the existence of a discontinuity arising from a geological fault, or known information about the fracture properties or their spatial correlation, where we assume that the fracture properties can vary spatially over a 2-D lateral grid.
We first describe the physical parameters that we use to characterize a fracture system in a reservoir whose properties vary with space. We then present our approach for casting the fracture characterization problem within a Bayesian framework in which we assume that fracture properties within the reservoir are spatially correlated. We capture this spatial correlation by defining a Markov random field (MRF) over the grid of fracture properties, which we use to arrive at the prior distribution for the fracture properties. We then introduce the types of seismic data that we assume are available to characterize fractures, particularly amplitude versus azimuth (Sayers & Rickett 1997; Rüger 1998) and FTF (Fang et al. 2014) , and describe the methods by which these data are used to place constraints on the properties. The inversion for model parameters is accomplished via loopy belief propagation (LBP; Pearl 1982 Pearl , 1988 Murphy et al. 1999) , a numerically scalable approximate inference procedure that yields both the posterior marginal distributions of the properties at each point in space in addition to the Bayes least squares (BLS) and maximum a posteriori (MAP) estimates of the fracture properties. Finally, we demonstrate the applicability of the method for inferring fracture properties using synthetic seismic data.
In this paper, we use sans-serif font to denote random variables and boldface font to denote vector or matrix quantities.
D E S C R I P T I O N O F T H E P RO B L E M
Consider a set of seismic measurements taken from a 2-D array of surface receivers over a layered medium responding to a set of surface seismic sources. We are interested in inferring from the seismic data whether or not fractures are present in a particular layer of the medium (e.g. the reservoir) and, if so, the properties of the fractures. A simple example of this setup, where the medium consists of flat homogeneous layers, is displayed in Fig. 1 . In particular, we would like to infer fracture orientation ϕ = [ϕ i j ] and the (base 10) log excess fracture compliance z = [z i j ] spatially over a 2-D m-by-n lateral grid L = {1, . . . , m} × {1, . . . , n} (where i and j index the axes of the grid L). Each gridpoint corresponds to a square of area 2 , so that the entire grid corresponds to a region of area mn 2 . Excess fracture compliance is defined as the overall additional medium compliance (having units of Pa −1 ) due to the presence of fractures and is the ratio of the compliance of the individual fractures (in m Pa −1 ) to the fracture spacing (in m) (Schoenberg & Sayers 1995; Dubos-Sallée & Rasolofosaon 2008) . We make the simplifying assumptions (1) that the fractures are vertical, so that the fracture orientation ϕ ij is simply the azimuth (or strike) of the fractures (with respect to north) and (2) that the normal and tangential excess compliances are equal, which may represent gas-filled fractures ), hence we need only infer a single log excess compliance value z ij for each grid node. It is possible that the ratio of normal to tangential fracture compliances may deviate from unity due to mineralization ; while this ratio has been measured using shear wave splitting data (Verdon & Wüstefeld 2013) , we are not able to uniquely resolve this ratio from AvAz data. If this ratio is known to differ from unity for a particular fracture system, we may proceed with our analysis inferring for only the normal compliance and setting the tangential compliance according to this ratio. An excess compliance value of 0 at a particular gridpoint is taken to mean there are no fractures at that gridpoint (rendering the value for azimuth arbitrary and meaningless). In order to compare zero and non-zero compliance on a logarithmic scale, we treat an excess compliance Willis et al. (2006).] of zero as 10 −13 Pa −1 , which is geophysically reasonable as this is an insignificantly small value for excess compliance and results in a negligible effect on seismic wave propagation. We assume that the data set is rich enough so that for each gridpoint in L, there are corresponding source-receiver pairs that sample the point at multiple offsets and acquisition azimuths. We further assume that the background velocity structure of the medium is well understood.
In order to relate the fracture properties x = (z, ϕ) = [x i j ] to the seismic trace data set, it is necessary to model seismic data as a function of the fracture properties. Unfortunately, modelling the entire seismic trace data set requires a full elastic 3-D forward simulation of the seismic wavefield, and the computational cost associated with the repeated simulations required to invert for the fracture properties is prohibitively high, so we instead resort to simulating well understood features of the seismic trace data set and treat these features as our observed data y. In particular, we choose to model P-wave reflection amplitude as a function of acquisition azimuth (at a fixed angle of incidence), also known as amplitude versus azimuth (AvAz) data (Sayers & Rickett 1997; Rüger 1998) , and FTF data, as defined by Fang et al. (2014) are defined over the grid L, in a manner such that to each grid node of fracture properties x i j there is an associated data vector y i j .
B AY E S I A N I N F E R E N C E F R A M E W O R K
In order to arrive at an estimation of the fracture properties from the seismic data, we employ a Bayesian inference framework. As mentioned earlier, the Bayesian framework is chosen as it allows us to naturally encode prior information about the fracture properties (and their spatial variation), combine different types of data, and quantify the uncertainty associated with the inferred quantities. The fracture properties and seismic data are treated as random variables, and a stochastic model is used to give the joint distribution of the fracture properties and seismic data (x, y) = ((z, ϕ), y).
In particular, we model the fracture properties as discrete random variables where the domain for each of the variables is given by: 10 z i j ∈ Z = 10 −9.0 , 10 −9.1 , . . . , 10 −12.0 , 10 −13 (in units of Pa −1 ) and
The use of discrete (rather than continuous) random variables makes the inference problem amenable to the general framework of message-passing inference algorithms described in Section 3.3, where the intervals of discretization were picked based on the level of resolution we might reasonably expect to achieve using seismic measurements. The posterior distribution of the fracture properties given the data p(x|y) is given by Bayes' rule:
where p(x) and p(y|x) are the prior distribution of the fracture properties and the distribution of the seismic data given the fracture properties, respectively. While the posterior distribution of eq. (1) is the complete solution to the Bayesian inference problem, exploring this distribution can be intractable due to the high-dimensionality of the fracture properties x. To glean meaningful inferences from the posterior distribution, one may either choose to obtain point estimators of x from the posterior or to obtain marginal posterior distributions over some tractably explorable subsets of the random variables in x. While point estimators are useful when a single answer to the inference problem is desired, they do not capture the associated estimation uncertainties (which are fully described by the marginal posterior distributions). The most common point estimators are the MAP estimatex MAP and the BLS (or mean) estimatex BLS . The MAP estimate of the fracture properties minimizes the probability of estimation error and is the overall configuration of the fracture properties that maximizes the posterior distribution, that iŝ
where set membership is used in place of equality in case the maximizing value is non-unique. In contrast, the BLS estimate of the fracture properties minimizes the expected value of the squared estimation error and is given by the expected value of the fracture properties given the data. Since the BLS estimator takes into account the value of the estimation error it can be more sensitive to outlying values in the posterior distribution than the MAP estimator; this may be an appropriate choice for posterior distributions having significant probabilities over a broad range of values, whereas the MAP estimator may be more appropriate for peaky or multimodal posteriors. The posterior marginal distribution for the fracture properties at a particular node x i j is given by summation of the posterior distribution over all other variables
for example, the posterior marginal for the log excess compliance p(z i j |y) is given by
Computing the posterior marginals has the additional benefit of yielding (with minimal additional computation) the BLS estimates. For example, for the log excess compliance at node (i, j), we havê
For any reasonably large number of grid nodes mn, the maximization and summation in eqs (2) and (3), respectively, are intractable, hence we must turn to approximate inference algorithms to perform the estimation. We discuss the inference algorithms used to approximate the MAP estimates and posterior marginals in Section 3.3.
Prior model
Assuming that the fracture properties will not change rapidly with position, it is reasonable to make the properties at one point depend on its nearest neighbours in space. We capture this spatial dependence mathematically by carefully constructing an appropriate prior model for the fracture properties. We arrive at a prior model by defining the set of fracture properties x as a Markov random field over an undirected graphical model G = (V, E) on the 2-D grid L (Koller & Friedman 2009 ). Here V is the set of vertices or nodes of the graphical model, which correspond to partitions of the random variables in x. We associate with each grid node (i, j) ∈ L a vertex in V corresponding to the pair of random variables given x C ). Here, x A {x i j : (i, j) ∈ A} (similarly for x B and x C ), and C separates A from B if every path from any node in A to any node in B passes through C. The Hammersley-Clifford theorem (Hammersley & Clifford 1971; Clifford 1990) states that a distribution is globally Markov on a graphical model G if it factorizes over the maximal cliques of that graph. Here a clique C of a graph G is any subset of its vertices (C ⊂ V) which are fully connected, meaning every vertex in C shares an edge from E with every other vertex in C. The maximal cliques of a graph G are its largest possible cliques: C is a maximal clique of G if it fails to remain a clique when even one more vertex from V \ C is added to C. We say that a distribution factorizes over the maximal cliques of G if it can be written as a product of functions of the random variables in each maximal clique C of G.
To proceed with our construction of the prior distribution, we define the edge set E over the 2-D grid L so that a particular node shares edges with its four neighbours on the grid L. The graphical model for x prior to observing the data is shown in Fig. 2 . Intuitively, such a graph structure means that given the fracture properties of the four nearest neighbours of a particular node, knowledge of the fracture properties of the medium elsewhere on the grid will have no impact on our belief about the properties at that node. Since we expect the properties of the medium at a particular point in space to be similar to its surrounding properties, this suggests a prior distribution that penalizes differences between a node and its neighbours. In particular we define the prior distribution for the fracture parameters to be
and
where β z i j,kl and β ϕ i j,kl are smoothness parameters. Note that the fracture orientations must be manipulated with a modulo operation to bring the difference within the interval [−90
• , 90
• ), as the azimuth is identical modulo 180
• . Figure 2 . Undirected graphical model G over which x is Markov, prior to observing the seismic data. The model is based on the assumption that the values of the fracture properties at one location are dependent on those of its nearest neighbours.
We define the smoothness parameters in terms of an overall (spatially varying) smoothness parameter β ij,kl after normalizing by the bin sizes for each variable (so that the degree of smoothness is not dependent on the units of the variables) via
2 . Allowing spatial variation in smoothness parameter allows us to encode a priori information about discontinuities in the medium, such as those which may arise from a geological fault. In general, we pick a single value β c > 0 for the smoothness parameter along edges where there are no known discontinuities and set the smoothness parameter to zero along edges where a fault is known to exist β f = 0 (thereby removing those edges from the graph). We experiment with different choices for β c in Section 4.2. Defining E f to be the set of edges where a fault is known to exist, then
Treating the two different fracture properties as independent a priori gives the overall prior distribution for the fracture properties as
Indeed, we see that p(x) factorizes over the maximal cliques of G (which are precisely the edges E) and thus by Hammersley-Clifford, x is Markov on G. This graph theoretic approach to defining the prior distribution via a Markov random field contrasts with the more typical method for defining priors in geophysical inverse problems using stationary covariance functions (typically over an assumed Gaussian random field; Tarantola 2004). While defining a covariance function explicitly encodes the covariances between any two points in space, an MRF instead encodes the conditional independencies and local smoothness structure of the model, thereby implicitly defining a covariance function. Simpson et al. (2012) provides a nice connection between a stationary MRF and its resulting stationary covariance function through the use of stochastic partial differential equations. The MRF approach however can be more general as it has the further benefit of allowing non-stationarity in the local smoothness parameters (as in eq. 7) and, hence, in the induced model covariance function and is not restricted to Gaussian fields.
Likelihood model
As discussed in Section 2, the seismic data used in this study are AvAz and FTF data, which are extracted from the seismic trace data set and denoted by y AvAz and y FTF , respectively. We make the assumption that given the fracture parameters x, the two types of seismic data y AvAz and y FTF are conditionally independent, and hence
In the remainder of this section, we discuss how we model the data to arrive at the likelihood models p(y AvAz |x) and p(y FTF |x).
Amplitude versus azimuth data
We suppose we have data for the amplitudes of P-P arrivals reflected from the top of the fractured layer at a full range of acquisition azimuths and source-receiver offsets for each gridpoint (i, j) ∈ L. We can use ray tracing to determine spatially the gridpoint corresponding to each source-receiver pair as well as to map the offsets to incidence angles for the wave incident on the top of the fractured layer (where the incidence angle is the angle the incident wave makes with the vertical axis). This gives, for each gridpoint (i, j) a set of P-P reflection amplitudes that vary with incidence angle θ ∈ and acquisition azimuth (relative to north) φ Acq ∈ Acq , where and Acq are the sets of incidence angles and acquisition azimuths over which the data has been obtained; we denote the reflection amplitudes byR PP i j (θ, φ Acq ). For concreteness, suppose the acquisition azimuths we have are precisely the set Acq = {0
• , 10
• , . . . , 170
• }. In order to be able to compare these amplitudes to the P-wave reflection coefficient, for each incidence angle θ, we normalize the amplitudes by the mean amplitude (taken over acquisition azimuths). This allows us to compare the variation of the reflection coefficient with azimuth (rather than its absolute value):
In order to arrive at a forward model for the P-wave reflection coefficient of the interface above the fractured layer as a function of acquisition azimuth, we make various simplifying assumptions about the formation and the fractured medium. The layers above the fractured layer are assumed to be isotropic and homogeneous and the background medium of the layer in which the fractures exist is assumed to be homogeneous and isotropic with known medium parameters. We assume that the presence of fractures in the fractured layer causes the layer to behave as an equivalent anisotropic medium, which is a geophysically valid assumption when the fracture spacing is small compared to the seismic wavelength (Schoenberg & Douma 1988; Willis et al. 2006) . In this case, it is reasonable to assume that the presence of a parallel set of vertical fractures causes the medium to exhibit horizontal transverse isotropy (HTI) with a symmetry axis normal to the strike of the fractures (Rüger 1998; Tsvankin 2001) . A transverse isotropic medium with a given symmetry axis means seismic wave propagation in all directions that form the same angle with the symmetry axis is equivalent. As such, in an HTI medium resulting from a set of parallel vertical fractures, the plane normal to the symmetry axis (and parallel to the fractures) is referred to as the isotropy plane, as wave propagation is equivalent in all directions in this plane (Tsvankin 2001) . The P-wave reflection coefficient of an interface is defined as the ratio of the reflected P-wave amplitude to the incident P-wave amplitude on the interface. Rüger (1998) derives the P-wave polarization vector and P-wave phase velocities in an HTI medium and uses these to solve a system of perturbation equations for the reflection and transmission coefficients at the interface of two HTI media having the same symmetry axes. The resultant P-wave reflection coefficient is given as a function of the incidence phase angle (θ , the angle the incident P-wave makes with the vertical axis) and the azimuthal phase angle (φ, the azimuth of the incident P-wave relative to the symmetry axis), and in terms of the isotropic background and anisotropy parameters, as
where α is the vertical P-wave velocity, β is the vertical velocity of the S-wave polarized parallel to the isotropy plane, ρ is the medium density, Z = ρα is the vertical P-wave impedance and G = ρβ 2 is the vertical shear modulus; these parameters are all from the background isotropic model and are assumed to be known in our analysis. Rüger (2002) and Liu & Martinez (2013) note that this linearized equation for the P-wave reflection coefficient is accurate for small medium contrasts and weak anisotropy at angles of incidence less than 35
• . In cases where a more accurate model is required, one may wish to use the approximations of the P-wave reflection coefficient given by Ursin & Haugen (1996) or Pšenčík & Martins (2001) . The parameters δ (V) , (V) andγ (V) are the Thomsen anisotropy parameters defined with respect to the vertical axis (Thomsen 1986 ); these parameters are identically zero for an isotropic medium, but will depend on the fracture properties for an HTI medium. The parameters in eq. (11) are defined in terms of their relative differences between the upper and lower media ( · ) and their average values( ·). So, for example, α = α 2 − α 1 and α = (α 1 + α 2 )/2, where α 1 and α 2 are the vertical P-wave velocities of the upper and lower media, respectively. Since the axis of symmetry is normal to the strike of the fractures (thus having an azimuth relative to north of ϕ ij + 90
• ), then with φ Acq as the known azimuth of the incident P-wave relative to north, we have
Furthermore, we set the incidence angle θ to the values computed for the AvAz data. We use the linear slip model of Schoenberg & Sayers (1995) to express the Thomsen anisotropy parameters of the fractured medium in terms of the excess fracture compliance. The details of this derivation are given in Appendix. Combining this with (11) gives the forward model for the P-P reflection coefficient as a function of the fracture parameters at node (i, j), which we denote by R PP i j (θ, φ Acq , ϕ i j , z i j ). To make this comparable to the data y AvAz ij defined in (10), we process it in the same manner by normalizing by the mean reflection coefficient, for each incidence angle θ, over all acquisition azimuths, givinḡ
as the deterministic forward model for y AvAz i j,θ,φ Acq . We note that if the excess fracture compliance is zero, then the P-P reflection coefficient is constant with respect to acquisition azimuth, and hence does not vary with the fracture orientation ϕ ij . This is consistent with our interpretation of zero compliance to mean the absence of fractures, which indeed renders the value of ϕ ij arbitrary.
We arrive at a stochastic model for the data by assuming the output of the forward model is perturbed by zero-mean additive independent, identically distributed (i.i.d.) Gaussian noise, so that
where the w i j,θ,φ Acq are mutually independent Gaussian random variables that are distributed as N (0, σ 2 i j,AvAz ). We estimate the variance σ 2 i j,AvAz using synthetic data obtained from a finite difference simulation of the seismic wavefield; the details of the synthetic data are described in Section 4.1. Processing of the synthetic data gives a set of single observations of the data y AvAz i j,θ,φ Acq at a single grid node and at a range of incidence angles and acquisition azimuths, where the fracture properties (z ij , ϕ ij ) are known, thus giving independent samples for the noise
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We estimate σ 2 i j,AvAz via its maximum likelihood (ML) estimator, which is given bŷ
Note that, in contrast to the ML estimator of the combined variance and mean of a normal random variable, the ML estimator in eq. (16) is unbiased, that is E σ 2 i j,AvAz,ML w i j = σ 2 i j,AvAz . Having fully described the stochastic model for the data, we are now in a position to give an expression for the likelihood model for y AvAz , which is:
where N ( · ; μ, σ 2 ) is the Gaussian probability density function (PDF) with mean μ and variance σ 2 .
FTF data
We further suppose that we have what Fang et al. (2014) describe as FTF data. We briefly describe the definition of the FTF data and how it is computed, which will result in a natural choice for our data y FTF and its likelihood model p(y FTF |x). Intuitively, the FTF is the transfer function from the seismic wavefield reflected off the top of the fractured layer to the wavefield propagating out of the fractured layer after reflecting off the bottom of this layer. In other words, it quantifies the redistribution of energy of the reflected and scattered seismic wavefield after passing through the fractured layer. A cartoon depicting this is shown in Fig. 3 .
FTF is inherently a function of the propagation azimuth of the incident and reflected waves. At fracture spacings on the order of the seismic wavelength, the orientation of the fractures relative to the propagation azimuth has a significant effect on the amplitude of the scattered wavefield reflected off the bottom of the fractured layer. In particular, when fractures are parallel to the propagation azimuth, the fractures tend to act as waveguides, directing more of the scattered energy back to the surface in the direction away from the source. However, when the fractures are normal to the propagation azimuth, the scattered energy is less coherent as the fractures tend to scatter energy in both forward and backward directions. With this in mind, we expect FTF to be maximized at propagation azimuths parallel to the fractures. According to the methodology given by Fang et al. (2014) and Fang et al. (2012) , the FTF at a particular spatial gridpoint (i, j) is estimated from surface seismic data by first determining (via ray tracing) all source-receiver pairs corresponding to gridpoint (i, j). Then, for all source-receiver pairs within the same acquisition azimuth bin φ Acq , normal moveout to zero offset is applied to the seismic traces which are then stacked. The result of this procedure gives a single, stacked seismic trace for each acquisition azimuth. The arrivals on the traces corresponding to reflections off the top and bottom of the fractured layer are then located in the stacked trace and windowed, giving windowed arrivals for each acquisition azimuth 
This is reduced to a function of only acquisition azimuth by integrating out the angular frequency via a weighted integral. The idea is that frequencies at which there is greater variability in FTF with acquisition azimuth should be given more weight, hence a frequency weighting function W ij (ω) is defined as the standard deviation of FTF ij (ω, ·) with respect to acquisition azimuth, so that
Due to the reasons mentioned above, we expect FTF i j (φ Acq ) to be maximized at ϕ ij if fractures are present in the medium. On the other hand, in the absence of fractures, we expect there will not be a unique maximizer for FTF i j (φ Acq ). Hence, it is natural to define the FTF data used in our analysis as y
where y FTF i j,1 ∈ {0, 1} is an indicator variable set to 0 when there is no unique maximizer (within a numerical threshold) for FTF i j (φ Acq ), and set to 1 otherwise and where y FTF i j,2 is set to the acquisition azimuth that maximizes FTF i j (φ Acq ):
If there is no unique maximizing φ Acq , we arbitrarily set y FTF i j,2 to any one maximizing value.
We define a stochastic forward model for y FTF i j by first assuming that, given the fracture properties x i j at node (i, j), y FTF i j is conditionally independent of the fracture properties and FTF data at the remaining nodes.
We define ζ ij as the probability that y FTF i j,1 correctly predicts whether or not there are fractures present at node (i, j). Then, given the fracture properties, we model y 
where 1 {·} is the indicator function defined as should be near the true fracture orientation ϕ ij . As with the AvAz data, we model this by introducing additive zero-mean independent Gaussian noise, so that conditioned on the event {z i j = 0, y FTF i j,1 = 1}, we have:
where v i j ∼ N (0, σ 2 i j,FTF ) and {v i j : (i, j) ∈ L} is a collection of mutually independent random variables. This gives the conditional distribution for y 
As with the AvAz data, we use synthetic data from finite difference simulations of the seismic wavefield (described in Section 4.1), to obtain a set of K independent samples
the fracture properties and FTF data at a single gridpoint, arising from the simulation of K different fracture models. The ML estimate for ζ ij is simply the fraction of times y i j > −13). For the synthetic data we have obtained, this fraction turns out to be 1. However, in order to preserve stochasticity in detecting the presence of fractures from FTF data, we instead estimate ζ ij under a Bayesian approach by treating it as random variable with a prior distribution that is uniform over [0, 1] . Having observed K correct observations (and 0 incorrect observations) of y 
used to give the ML estimation of the variancê As before, the ML estimator in eq. (29) is unbiased. This gives the likelihood model p(y FTF |x) as:
Inference algorithms
We return to the graphical model representation of the distribution, as this will play a key role in the inference algorithms used to obtain the posterior marginals and MAP estimate. Having defined the prior and likelihood models, the posterior distribution is given by eq. (1). We immediately notice that given the fracture properties of a particular grid node (i, j), the observations y i j at that grid node are conditionally independent of the remaining fracture properties and observations, that is, with x −i j and y −i j defined as in eq. (3), y i j ⊥ {x −i j , y −i j } | x i j ; this is depicted in Fig. 4(a) . Having observed the data y = y, the data are no longer random and hence separate nodes for the data are not included in the graphical model for the posterior distribution. Hence, we can write the posterior distribution in terms of the node and edge potentials of the graph, ψ ij and ψ ij, kl , respectively, where the node potentials capture the effect of the data and the edge potentials capture the prior distribution. These potentials are given by:
and the posterior distribution is then given as:
Having fully described the posterior distribution in terms of its graphical model and node and edge potentials, we are able to apply belief propagation algorithms to perform approximate inference of the fracture properties x.
Loopy belief propagation
Belief propagation (BP) is a technique for performing inference on graphical models which has recently enjoyed much popularity at MIT Libraries on May 8, 2015
http://gji.oxfordjournals.org/ Downloaded from for use amongst a wide-range of applications (Pearl 1982 (Pearl , 1988 Murphy et al. 1999) . Originally formulated for tree graphs (i.e. graphs having no cycles), BP refers to message-passing algorithms for computing either marginal distributions (called the sum-product algorithm) or MAP configurations (called the max-product algorithm). In particular, for an undirected graph G = (V, E), the BP algorithm computes messages [denoted by m ij → kl (x kl )] from each node (i, j) ∈ V to every node (k, l) which shares an edge with (i, j) [called a 'neighbour' of (i, j)]; these messages capture the beliefs node (i, j) carries about its neighbours. The messages are iteratively propagated from each node to its neighbours, hence the name 'belief propagation. ' The sum-product variant of the BP algorithm (Koller & Friedman 2009 ) with node and edge potentials ψ ij and ψ ij, kl is given by the update equations
is the estimate of the marginal for node (i, j) at iteration t. One can verify that if the underlying graphical model G is a tree, then the sum-product algorithm converges to the true marginal distributions in a number of iterations equal to the diameter of the tree (Koller & Friedman 2009 ). The max-product algorithm is similarly defined by replacing summations with maximizations
is the estimate of the node max-marginalp i j (x i j ) for node (i, j) at iteration t. The node max-marginal [at node (i, j)] is defined to be the function of x ij one would obtain by fixing the random variable at node (i, j) to the value x ij and then maximizing the joint distribution p(x) over all other random variables. That is:
It is important to note that the node max-marginals are not the marginal distributions, and in fact they are not even probability distributions. However, they can be used to readily obtain the MAP estimate of x. In particular, if the node max-marginalsp i j (x i j ) have unique maximizers x * i j , then the MAP estimate is simply the vector of these unique maximizing values for each node:
Thus, the estimated node max-marginalsp (t) i j (x i j ) obtained from the max-product algorithm can be used to approximate the MAP estimate. Again, if G is a tree, then it can be shown that the maxproduct algorithm converges to the true node max-marginals and will hence produce the exact MAP estimate.
While BP was originally intended for tree graphs (and indeed converges to the correct result on trees), it can still be applied to graphs which are not trees, such as the grid graph for our posterior distribution. Applying BP to perform inference on a graph with loops is referred to as loopy belief propagation. While LBP is an approximate algorithm, as it does not, in general, converge to the correct answer, it has nonetheless been used extensively in various settings and found to often give very good approximations, particularly on graphs with a relatively sparse edge set (such as our 2-D grid graph) and when the node potentials are strong relative to the edge potentials (Murphy et al. 1999) . With this in mind, we apply loopy belief propagation on the posterior distribution for the fracture parameters to approximate the MAP configuration and marginal distributions.
R E S U LT S

Synthetic data
We validate our methodology by performing inference on a synthetic data set. The synthetic data are obtained from a 3-D elastic finite-difference simulation of the seismic wavefield on reservoir models having topology as shown in Fig. 1 , and is the same data referenced in the FTF study by Fang et al. (2014) . Each of the models consists of five flat homogeneous layers, with fractures in the third layer; the remaining layers are isotropic. Following the methodology of Coates & Schoenberg (1995) to simulate discrete fractures, the finite-difference grid cells intersecting individual fractures are modelled as anisotropic, and the individual fractures are spaced uniformly within an isotropic background medium (note the finite-difference grid cells are distinct from and on a much smaller scale than the grid nodes on which the random variables are defined). The isotropic background parameters are given in Table 1 . It is important to note that we are not modelling the entire fractured layer as anisotropic, but only the individual fractures; hence the validity of this model does not depend on the fracture spacing.
The fractured layer in the models contains a single set of discrete parallel fractures with strike 0
• and individual normal and tangential fracture compliances of 10 −9 m Pa −1 (note that the fracture compliance is distinct from the excess fracture compliance, which is the ratio of fracture compliance to fracture spacing). The models differ from one another by fracture spacing, where synthetic data have been obtained from models having fracture spacings of 12, 20, 40, 60, 80 and 100 m, and where the fracture parameters in a particular model are constant over the entire layer. The synthetic seismic trace data set for each model is obtained from a 2-D array of surface seismic receivers spaced 4 m apart responding to a single Ricker source wavelet having central frequency of 40 Hz. AvAz data are computed from the seismic trace data set by using ray tracing to compute the arrival time of the P-P arrival reflected from the top of Layer 3 for each receiver and taking the amplitude of this arrival in the seismic trace, where the source-receiver offsets and acquisition azimuths are known. Since the layers are flat and homogeneous, the reflection from all points on the horizontal grid are equivalent on average. Hence, the data are treated as the generic AvAz data for a single grid node or common depth point (CDP). Similarly, the FTF data are computed according to the procedure in Section 3.2.2 and treated as the generic FTF data corresponding to a single node or CDP. Prior to processing the synthetic data, we perturb the raw seismic traces with zero-mean Gaussian noise, with a standard deviation of 5 per cent of the peak amplitude of the data, where a different realization of the noise is used for each CDP gather. To obtain measurements for the entire grid L, we predetermine the fracture parameters x over L. For each node (i, j) ∈ L, we are free to choose any fracture strike in the full range of azimuths [0
• , 180
• ), as we can simply rotate the synthetic data from 0 • to any desired azimuth ϕ ij . For the log excess compliance z ij , we are able to use any value obtained from the models corresponding to excess compliances that can be achieved using fracture compliance of 10 −9 m Pa −1 divided by any of the spacings for which synthetic data have been obtained. Having set the desired fracture properties across the grid, we map the generic synthetic data to specific values across the grid L. Processing the noisy data according to the procedure described in Section 3.2 results in our vector of noisy measurements 
Results of inference procedure
We perform the inference on synthetic data arising from two scenarios. The first scenario is given by a 20-by-20 node grid of a single fracture set (so that the fracture properties are constant along the grid), for each of the available fracture spacing models. The second scenario is given by a 20-by-40 node grid of two fracture sets with distinct excess compliances and orientations, separated spatially by a linear discontinuity (such as that which may arise from a vertical, planar fault). The effect of the smoothness parameter β c on the inference result is investigated by performing the inference for different choices of β c .
LBP is applied in each case to obtain the approximate MAP configuration and posterior marginal distributions of the fracture properties, the latter of which are used to compute the approximate BLS estimate of the fracture properties. LBP converged for all models in less than 200 iterations, when the smoothness parameter β c was taken to be less than or equal to 0.1. Choices of the smoothness parameter greater than 0.1 resulted in LBP not converging for some realizations of the noisy data.
We must take care to interpret the results correctly, as we have taken z ij = −13 to mean that no fractures are present at node (i, j), which would render ϕ ij meaningless and arbitrary. Thus, we compute the posterior marginals for ϕ i j conditioned on the event {z i j > −13}, and likewise compute the BLS estimates for these random variables conditioned on the same event. The results of the inference procedure on the single fracture system are plotted in Figs 5-7. The resulting residuals between the estimates and true values are given in Table 2 in terms of the rms residuals over all nodes.
We observe that the inference procedure performs very well at fracture spacings smaller than 40 m. This is to be expected as the forward model for the AvAz data relies on the assumption that fractures cause the medium to behave as an equivalent anisotropic medium, but this assumption breaks down as the fracture spacing becomes comparable to the dominant seismic wavelength (which is 100 m in the fractured layer and 87.5 m in the layer above the fractures). Furthermore, while the scattering assumptions underlying the forward model for the FTF data are valid for fracture spacings on the order of the seismic wavelength, the FTF data in this study only contributes to fracture detection and strike estimation; the actual excess compliance value (given fractures are present) has no bearing on our model for the FTF data. In particular, we notice from Table 2 that the RMS residuals for estimating log excess compliance grows to multiple bin sizes at fracture spacings of 40 m and larger. The marginal distributions in Fig. 7 convey well what happens at spacings of 40 m and larger. We see that the least best fit to fracture orientation is obtained at 40 m spacing; this is likely because at this mid-range fracture spacing, we see a weaker response from both the AvAz data and the FTF data. However, at larger fracture spacings, the marginal distributions for fracture orientation remain concentrated around the true orientation of 60
• , as expected due to both the very simple model for FTF in terms of fracture orientation as well as the assumptions underlying the FTF model remaining strong at larger spacings. We observe that excess compliance tends to be underestimated at fracture spacing values of 40 m and above. This observation is consistent with our intuition for AvAz data; at larger spacings, the AvAz response becomes weaker, and a better fit to the data is found with smaller excess compliances than those resulting from the true fracture compliance and spacing.
In order to investigate the effect of the smoothness parameter β c on the inference we apply our procedure over a range of choices for β c on the 80 m spacing model. The effect of the smoothness parameter is most easily seen in the MAP estimates, which are plotted in Fig. 8 . Observing the changes in the estimate with increasing smoothness parameter β c , we see that the a higher value of β c has the effect of denoizing the estimates. When β c is 0, this is identical to performing the inference on a fully disconnected graph, as the edge potentials will all be identically equal to 1. As such, the estimate at each node will fit only the noisy data corresponding to itself. Increasing β c strengthens the links between adjacent nodes, and can cause an incorrect fit to noisy data to be less probable; this is particularly true for fracture azimuth, which is estimated correctly at 80 m fracture spacing. Increasing β c still smooths the estimates for excess compliance, however towards the underestimated value found at 80 m (again due to the weaker AvAz response at high fracture spacings). At β c = 0.1, we see a considerable improvement in the estimates for fracture azimuth.
We now turn to the second scenario arising from two sets of fractures with different azimuths and fracture spacings separated by a discontinuity on the grid such as that which may arise from a geological fault. We investigate the effect of a priori knowledge of the fault by performing the inference both with and without knowledge of the fault location encoded in the prior with the smoothness parameter set to β ij, kl = 0 at the fault and β ij, kl = β c = 0.1 elsewhere. The results are plotted in Figs 9 and 10 for fracture azimuth and log excess compliance, respectively. As evidenced by the figures , when the fault is unknown a priori, the estimates for fracture properties are smoothed across the fault. This is particularly undesirable for the estimation of fracture azimuth, where we would otherwise be able to obtain good estimates in both regions. Specifying the location of the fault a priori sets the smoothness parameter at MIT Libraries on May 8, 2015
http://gji.oxfordjournals.org/ Downloaded from at the corresponding edges to 0, and hence we no longer observe this behaviour.
C O N C L U S I O N S A N D F U T U R E W O R K
A methodology for estimation of fracture properties from AvAz and FTF data under a Bayesian inference framework has been presented. The inference is performed by running loopy belief propagation on the 2-D Markov random field of fracture variables. LBP converged relatively quickly on the synthetic data, in under 200 iterations for all models, when using a smoothness parameter less than or equal to 0.1. We have demonstrated that the approximate inference results perform well for both fracture azimuth and excess compliance at low spacings of 12 and 20 m, and continue to give good estimates for fracture azimuth up to 100 m spacing. This is significant, as we are able to estimate the fracture properties in a rigorous manner at a greater range of spacings than would otherwise be attainable.
We further showed that our use of the spatial smoothness prior has the effect of denoizing estimates that would otherwise be incorrect. We also demonstrated the capability of this framework to handle prior information about geological features, such as the discontinuity shown in the previous figures. While we presented a very simple case of this, it is not difficult to extend this to more complicated scenarios. Having validated our procedure on synthetic data, the next natural step will be to obtain field data and apply the inference procedure to estimate the desired fracture properties.
One future direction to improve the inference is to relate fracture spacing and compliance to the FTF data. While the data we chose depended only on the presence and orientation of fractures, Fang et al. (2014) showed both theoretically and in laboratory experiments, that FTF also contains information about fracture spacing. However, even when using synthetic data, the precise physical relationship between FTF and fracture spacing has been difficult to determine, but a geophysical basis remains for exploring this avenue further. If a reliable forward model can be determined to relate FTF to fracture spacing, then we will be able to move beyond estimating excess fracture compliance to estimation of individual fracture compliances and fracture spacing. A related future direction is to incorporate additional features of the seismic data in the inference procedure. In particular, Zheng et al. (2013) describe a theory for using 3-D beam interference to determine fracture properties of a reservoir from reflected seismic P-wave data.
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